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The Steenrod algebra from the group theoretical viewpoint
Atsushi Yamaguchi
Abstract
In the paper “The Steenrod algebra and its dual” [2], J.Milnor determined the structure of the
dual Steenrod algebra which is a graded commutative Hopf algebra of finite type. We consider
the affine group scheme Gp represented by the dual Hopf algebra of the mod p Steenrod algebra.
Then, Gp assigns a graded commutative algebra A∗ over a prime field of finite characteristic p to
a set of isomorphisms of the additive formal group law over A∗, whose group structure is given
by the composition of formal power series ([3] Appendix). The aim of this paper is to show
some group theoretic properties of Gp by making use of this presentation of Gp(A∗). We give
a decreasing filtration of subgroup schemes of Gp which we use for estimating the length of the
lower central series of finite subgroup schemes of Gp. We also give a successive quotient maps
Gp
ρ0
−→ G
〈1〉
p
ρ1
−→ G
〈2〉
p
ρ2
−→ · · ·
ρk−1
−−−→ G
〈k〉
p
ρk
−→ G
〈k+1〉
p
ρk+1
−−−→ · · · of affine group schemes over a prime
field F p such that the kernel of ρk is a maximal abelian subgroup.
1 Introduction
The ring of cohomology operations on the mod p ordinary cohomology theory which is denoted by A∗p
below is called the Steenrod algebra. We denote by Ap∗ the dual Hopf algebra of A
∗
p whose structure
is determined by J. Milnor in [2] as follows.
Ap∗ =
{
F 2[ζ1, ζ2, . . . , ζi, . . . ] if p = 2
E(τ0, τ1, . . . , τi, . . . )⊗F p F p[ξ1, ξ2, . . . , ξi, . . . ] if p is an odd prime
Here, we set ξ0 = ζ0 = 1 and deg ζi = 2
i − 1, deg τi = 2p
i − 1, deg ξi = 2(p
i − 1). The coproduct
µ : Ap∗ → Ap∗ ⊗F p Ap∗ is given by the following formulas.
µ(ζn) =
n∑
k=0
ζ2
k
n−k ⊗ ζk, µ(ξn) =
n∑
k=0
ξp
k
n−k ⊗ ξk, µ(τn) =
n∑
k=0
ξp
k
n−k ⊗ τk + τn ⊗ 1
The conjugation ι : Ap∗ → Ap∗ is determined by the following equalities. (See [2] for more explicit
formula for ι(ξn).)
n∑
k=0
ζ2
k
n−kι(ζk) = 0,
n∑
i=0
ξp
k
n−kι(ξk) = 0, ι(τn) = −
n∑
k=0
ι(ξn−k)
pkτk
Let us denote by Gp the affine group scheme represented by Ap∗, that is, Gp is a functor from the
category of graded commutative algebra over a prime field F p to the category of groups. It is shown
in the appendix of [3] that Gp is naturally equivalent to a F p-group functor which assigns each graded
commutative algebra A∗ over F p to a group of isomorphisms of the additive formal group law over
A∗[ǫ]/(ǫ
2) whose coefficient α0 of the leading term satisfies α0 − 1 ∈ (ǫ) if p is an odd prime. In this
paper, we apply this fact to investigate some group theoretical properties of Gp. Namely, in section
3, we define a descending filtration
Gp ⊃ G
(0)
p ⊃ G
(0.5)
p ⊃ G
(1)
p ⊃ · · · ⊃ G
(k)
p ⊃ G
(k+0.5)
p ⊃ G
(k+1)
p ⊃ · · ·
1
of normal subgroup schemes of Gp and show that Γk+1(Gp(A∗)) ⊂ G
(k+0.5)
p (A∗) for a non-negative
integer k and a graded commutative algebra A∗ over F p (3.3). Here Γk(G) is a subgroup of a group
G defined inductively by Γ0(G) = G and Γk+1(G) = [ Γk(G), G ]. Let A2(n)
∗ be the Hopf subalgebra
of A∗2 generated by Sq
2i for i = 0, 1, . . . , n− 1 and Ap(n)
∗ the Hopf subalgebra of A∗p generated by β
and ℘p
i
for i = 0, 1, . . . , n − 1 if p is an odd prime. It follows from Proposition 2 of [2] that the dual
Hopf algebra Ap(n)∗ of Ap(n)
∗ is a quotient Hopf algebra of Ap∗ given by
Ap(n)∗ =
{
A2∗/
(
ζ2
n
1 , . . . , ζ
2n−i+1
i , . . . , ζ
2
n, ζn+1, ζn+2, . . .
)
if p = 2
Ap∗/
(
ξp
n
1 , . . . , ξ
pn−i+1
i , . . . , ξ
p
n, τn+1, ξn+1, τn+2, ξn+2, . . .
)
if p is an odd prime
.
We consider a finite subgroup scheme Gp,n of Gp represented by Ap(n)∗ and show that the nilpotency
class of Gp,n(A∗) is at most n+1 for any graded commutative F p-algebra A∗. In section 4, we give the
following diagram in the category of group schemes over F p such that 1 → G
ab
p
κ0−→ Gp
ρ0
−→ G
〈1〉
p → 1
and 1 → G
[k]
p
κk−→ G
〈k〉
p
ρk−→ G
〈k+1〉
p → 1 are short exact sequences of group schemes and that Gabp and
G
[k]
p are “maximal abelian subgroup schemes” of Gp and G
〈k〉
p in the sense that Gabp and G
[k]
p are closed
subgroup schemes defined by minimal Hopf ideals of the Hopf algebras representing Gp and G
〈k〉
p such
that Gabp and G
[k]
p are abelian. Gabp G
[1]
p G
[2]
p · · · G
[k]
p G
[k+1]
p
Gp G
〈1〉
p G
〈2〉
p · · · G
〈k〉
p G
〈k+1〉
p · · ·κ012k+1ρ −
2 The Steenrod group
Definition 2.1 We define F p-group functors Gp, G
ev
p and G
od
p as follows. Let A∗ be a graded com-
mutative algebra over F p. If p = 2, we assign degree −1 to a variable X and define G2(A∗) to be the
following subset of A∗[[X]].{
α(X) ∈ A∗[[X]]
∣∣∣∣α(X) =
∞∑
i=0
αiX
2i , degαi = 2
i − 1 (i ≧ 0), α0 = 1
}
If p is an odd prime, we assign degree −2 to a variable X and consider a graded exterior algebra
F p[ǫ]/(ǫ
2) with deg ǫ = −1. Define Gp(A∗) to be the following subset of A∗⊗F p F p[ǫ]/(ǫ
2)[[X]] =
A∗[ǫ]/(ǫ
2)[[X]].{
α(X) ∈ A∗[ǫ]/(ǫ
2)[[X]]
∣∣∣∣α(X) =
∞∑
i=0
αiX
pi ,deg αi = 2(p
i − 1) (i ≧ 0), α0 − 1 ∈ (ǫ)
}
We give a group structure to Gp(A∗) by the composition of formal power series. Namely, the product
α(X) · β(X) of α(X) and β(X) is defined by α(X) · β(X) = β(α(X)). We call Gp the mod p Steenrod
group. For an odd prime p, Gevp (A∗) is defined to be the following subset of A∗[[X]].{
α(X) ∈ A∗[[X]]
∣∣∣∣α(X) =
∞∑
i=0
αiX
pi ,degαi = 2(p
i − 1) (i ≧ 0), α0 = 1
}
Since A∗ is a subalgebra of A∗[ǫ]/(ǫ
2), we regard Gevp (A∗) as a subgroup of Gp(A∗). We also define
Godp (A∗) to be the following subset of A∗[ǫ]/(ǫ
2)[[X]].{
α(X) ∈ A∗[ǫ]/(ǫ
2)[[X]]
∣∣∣∣α(X) =
∞∑
i=0
αiX
pi ,degαi = 2(p
i − 1) (i ≧ 0), α0 − 1, αi ∈ (ǫ) (i ≧ 1)
}
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Remark 2.2 (1) For α(X) =
∞∑
i=0
αiX
pi , β(X) =
∞∑
i=0
βiX
pi ∈ Gp(X), the product α(X) ·β(X) of α(X)
and β(X) is given as follows.
α(X) · β(X) =
∞∑
i=0
βi
( ∞∑
j=0
αjX
pj
)pi
=
∞∑
i=0
∞∑
j=0
αp
i
j βiX
pi+j =
∞∑
i=0
( i∑
j=0
αp
j
i−jβj
)
Xp
i
(2) The quotient map qA∗ : A∗[ǫ]/(ǫ
2)→ A∗[ǫ]/(ǫ) = A∗ defines a homomorphism
πevA∗ : Gp(A∗)→ G
ev
p (A∗)
of groups which is a left inverse of the inclusion map and that Godp (A∗) is the kernel of π
ev
A∗
. Hence
Gp(A∗) is a semi-direct product of G
od
p (A∗) and G
ev
p (A∗).
We denote by Aevp∗ the polynomial part F p[ξ1, ξ2, . . . ] of Ap∗ which is a Hopf subalgebra of Ap∗.
Proposition 2.3 (G. Nishida, [3]) The mod p dual Steenrod algebra Ap∗ represents Gp. If p is an
odd prime, Aevp∗ represents G
ev
p .
Remark 2.4 We denote by Aodp∗ the quotient of Ap∗ by the ideal generated by ξ1, ξ2, . . . , ξn, . . . . Then,
we have Aodp∗ = E(τ0, τ1, . . . , τn, . . . ) and each τi is primitive. A
od
p∗ represents G
od
p and the quotient
map Ap∗ → A
od
p∗ induces the inclusion morphism G
od
p → Gp. In fact, for a graded commutative
F p-algebra A∗, the natural bijection is given by assigning a morphism f : A
od
p∗ → A∗ to an element
(1+f(τ0)ǫ)X+
∞∑
i=1
f(τi)ǫX
pi of Godp (A∗). Since α(X)
p = Xp if α(X) ∈ Godp (A∗), G
od
p (A∗) is an abelian
p-subgroup of Gp(A∗). In fact, G
od
p (A∗) is isomorphic to
∞∏
i=0
A2pi−1 as an additive group.
For a positive integer n, a partition of n is a sequence (ν(1), ν(2), . . . , ν(l)) of positive integers
which satisfies ν(1) + ν(2) + · · · + ν(l) = n. We denote by Part(n) the set of all partitions of n. For
a partition ν = (ν(1), ν(2), . . . , ν(l)) of n, we put ℓ(ν) = l and σ(ν)(i) =
i−1∑
s=1
ν(s) (1 ≦ i ≦ l). We call
ℓ(ν) the length of ν and denote by Partl(n) the subset of Part(n) consisting of partitions of length l.
Lemma 2.5 For integers 1 ≦ l ≦ k < m, we define a map Fl,k : Partl(k) → Partl+1(m) by
Fl,k((ν(1), ν(2), . . . , ν(l))) = (ν(1), ν(2), . . . , ν(l),m− k).
Let F :
m−1⋃
k=1
Part(k) → Part(m) be the map induced by Fl,k’s. Then, F is an injection whose image is
partitions of m of length greater than one.
Proof. Since each Fl,k is injective and the images of Fl,k’s are disjoint each other, F is injective.
For each ν = (ν(1), ν(2), . . . , ν(l), ν(l + 1)) ∈ Partl+1(m), Fl,σ(ν)(l+1) maps (ν(1), ν(2), . . . , ν(l)) ∈
Partl(σ(ν)(l + 1)) to ν. q.e.d.
Proposition 2.6 ([2]) Let A∗ be a graded commutative algebra over F p and c a fixed integer which
is even if p is odd. Suppose that sequences of elements (αi)i≧0 and (βi)i≧0 of A∗ satisfy the following
conditions.
(i) α0 = 1 if p = 2, (α0 − 1)
2 = 0 if p is odd.
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(ii) degα0 = deg β0 = 0, degαi = deg βi = c(1 + p+ · · ·+ p
i−1).
(iii) α0β0 = 1 and
i∑
k=0
αp
k
i−kβk = 0 for any positive integer i.
Then, β0 = α
−1
0 = 2− α0 and the following equality holds for each positive integer n.
βn = β0
∑
ν∈Part(n)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j)
Proof. We have α0(2 − α0) = 1 by (i). Thus it follows from α0β0 = 1 that β0 = α
−1
0 = 2 − α0. We
put β˜i = βiα0. Then β˜0 = 1 and
i∑
k=0
αp
k
i−kβ˜k = 0 for any positive integer i by (iii). It suffices to show
the following.
β˜n =
∑
ν∈Part(n)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j)
Since α0 = 1+ (α0 − 1) and (α0 − 1)
2 = 0, we have αp0 = 1. Then, α1β˜0 + α
p
0β˜1 = 0 implies β˜1 = −α1
and the assertion holds for n = 1. Suppose that assertion holds for 1 ≦ n ≦ m − 1. We consider
the map F :
m−1⋃
k=1
Part(k) → Part(m) in (2.5). For ν ∈ Part(k), we have σ(F (ν))(j) = σ(ν)(j) if
1 ≦ j ≦ ℓ(ν) and σ(F (ν))(ℓ(ν)+1) = k. Hence it follows from the inductive hypothesis and (2.5) that
β˜m = −
m−1∑
k=0
αp
k
m−kβ˜k = −αmβ˜0 −
m−1∑
k=1
αp
k
m−k
∑
ν∈Part(k)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j)
= −αm +
m−1∑
k=1
∑
ν∈Part(k)
(−1)ℓ(F (ν))αp
σ(F (ν))(ℓ(ν)+1)
F (ν)(ℓ(ν)+1)
ℓ(ν)∏
j=1
αp
σ(F (ν))(j)
F (ν)(j)
= −αm +
m−1∑
k=1
∑
ν∈Part(k)
(−1)ℓ(F (ν))
ℓ(ν)+1∏
j=1
αp
σ(F (ν))(j)
F (ν)(j) =
∑
ν∈Part(m)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j) .
q.e.d.
The next result is a direct consequence of (2.6) and the above equality.
Proposition 2.7 The inverse of α(X) =
∞∑
i=0
αiX
pi ∈ Gp(A∗) is given as follows.
α(X)−1 = α−10 X +
∞∑
i=1
α−10

 ∑
ν∈Part(i)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j)

Xpi
Remark 2.8 Suppose that p is an odd prime and that αi = α0i+α1iǫ for α0i ∈ A2(pi−1), α1i ∈ A2pi−1.
For ν ∈ Part(i), we have
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j) =
(
α0ν(1) + α1ν(1)ǫ
) ℓ(ν)∏
j=2
αp
σ(ν)(j)
0ν(j) =
ℓ(ν)∏
j=1
αp
σ(ν)(j)
0ν(j) +

α1ν(1)
ℓ(ν)∏
j=2
αp
σ(ν)(j)
0ν(j)

ǫ.
Hence we have the following formula.
α(X)−1 = (1−α10ǫ)X +
∞∑
i=1
(1−α10ǫ)

 ∑
ν∈Part(i)
(−1)ℓ(ν)

ℓ(ν)∏
j=1
αp
σ(ν)(j)
0ν(j) +

α1ν(1)
ℓ(ν)∏
j=2
αp
σ(ν)(j)
0ν(j)

ǫ



Xpi
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3 Lower central series
For a non-negative integer k, we define “quotient groups” Gkp of Gp as follows. If p = 2, we assign
degree −1 to a variable X and define Gk2(A∗) to be the following subset of A∗[X]/(X
2k+1).{
α(X) ∈ A∗[X]/(X
2k+1)
∣∣∣∣α(X) =
k∑
i=0
αiX
2i , degαi = 2
i − 1 (0 ≦ i ≦ k), α0 = 1
}
If p is an odd prime, we assign degree −2 to X and consider a graded exterior algebra F p[ǫ]/(ǫ
2) with
deg ǫ = −1. Let Gkp(A∗) to be a subset of A∗⊗F pF p[ǫ]/(ǫ
2)[X]/(Xp
k+1
) = A∗[ǫ]/(ǫ
2)[X]/(Xp
k+1
) given
by{
α(X) ∈ A∗[ǫ]/(ǫ
2)[X]/(Xp
k+1
)
∣∣∣∣α(X) =
k∑
i=0
αiX
pi ,degαi = 2(p
i − 1) (0 ≦ i ≦ k), α0 − 1 ∈ (ǫ)
}
.
We give a group structure to Gkp(A∗) by the composition of stunted polynomials. Namely,
α(X) · β(X) = β(α(X)) =
k∑
i=0
βi
( k∑
j=0
αjX
pj
)pi
=
k∑
i=0
k∑
j=0
αp
i
j βiX
pi+j =
k∑
i=0
( i∑
l=0
αp
l
i−lβl
)
Xp
i
.
Define maps πkA∗ : Gp(A∗) → G
k
p(A∗) (k = 0, 1, 2, . . . ) to be the restrictions of the quotient maps
A∗[[X]]→ A∗[X]/(X
2k+1) if p = 2 and A∗[ǫ]/(ǫ
2)[[X]] → (A∗[ǫ]/(ǫ
2)[X])/(Xp
k+1
) if p is an odd prime.
It is clear that πkA∗ is a homomorphism of groups and natural in A∗. We denote by G
(k)
p (A∗) the kernel
of πkA∗, that is,
G(k)p (A∗) =
{
α(X) ∈ Gp(A∗)
∣∣∣∣α(X) = X +
∞∑
i=k+1
αiX
pi
}
.
We regard A∗ as a subalgebra of A∗[ǫ]/(ǫ
2) and define a subset Gk+0.5p (A∗) of G
k+1
p (A∗) by
Gk+0.5p (A∗) =
{
α(X) ∈ Gk+1p (A∗)
∣∣∣∣α(X) =
k+1∑
i=0
αiX
pi , αk+1 ∈ A2pk+1−2
}
.
Define a map qkA∗ : G
k+1
p (A∗)→ G
k+0.5
p (A∗) by
qkA∗(α(X)) =
k∑
i=0
αiX
pi + qA∗(αk+1)X
pk+1
if α(X) =
k+1∑
i=0
αiX
pi . Here qA∗ : A∗[ǫ]/(ǫ
2) → A∗[ǫ]/(ǫ) = A∗ denotes the quotient map again.
For α(X), β(X) ∈ Gk+0.5p (A∗), we set α(X)∗β(X) = q
k+1
A∗
(α(X)·β(X)). Then, the correspondence
(α(X), β(X)) 7→ α(X)∗β(X) defines a group structure on Gk+0.5p (A∗). In fact, the inverse of α(X) is
qk+1A∗ (α(X)
−1). We note that qkA∗ is a homomorphism of groups. Let us denote by G
(k+0.5)
p (A∗) the
kernel of a composition Gp(A∗)
πk+1A∗−−−→ Gk+1p (A∗)
qkA∗−−→ Gk+0.5p (A∗). Then, we have
G(k+0.5)p (A∗) =
{
α(X) ∈ Gp(A∗)
∣∣∣∣α(X) = X +
∞∑
i=k+1
αiX
pi , αk+1 ∈ (ǫ)
}
Here we put ǫ = 0 if p = 2. Then, G2(A∗) = G
(0)
2 (A∗), G
(k+0.5)
2 (A∗) = G
(k+1)
2 (A∗) and we have a
decreasing filtration of Gp(A∗).
Gp(A∗) ⊃ G
(0)
p (A∗) ⊃ G
(0.5)
p (A∗) ⊃ G
(1)
p (A∗) ⊃ · · · ⊃ G
(k)
p (A∗) ⊃ G
(k+0.5)
p (A∗) ⊃ G
(k+1)
p (A∗) ⊃ · · ·
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Lemma 3.1 Suppose that elements α(X) =
∞∑
i=0
αiX
pi and β(X) =
∞∑
i=0
βiX
pi of Gp(A∗) satisfy αi = 0
for i = 1, 2, . . . , k and βi = 0 for i = 1, 2, . . . , l, respectively. We put β(X)
−1 =
∞∑
i=0
β¯iX
pi.
(1) If k = l = 0, the following equality holds.
[α(X), β(X)] = X + (α1(β0 − 1) + (1− α0)β1)X
p
+ ((α2 − α
p+1
1 )(β0 − 1) + (1− α0)(β2 − β
p+1
1 ) + α0α
p
1β1 − α1β0β
p
1)X
p2
+ (higher terms)
(2) If k ≧ 1 and l = 0, the following equality holds.
[α(X), β(X)] = X + (αk+1(β0 − 1)− (1− α0)β0β¯k+1)X
pk+1
+
(
αk+2(β0 − 1)− (1− α0)β0β¯k+2 + α0α
p
k+1β1 − αk+1β0β
pk+1
1
)
Xp
k+2
+ (higher terms)
(3) If k ≧ l ≧ 1, the following equality holds.
[α(X), β(X)] = X + (αk+1(β0 − 1)− (1− α0)β0β¯k+1)X
pk+1 + (αk+2(β0 − 1)− (1− α0)β0β¯k+2)X
pk+2
+ (higher terms)
Proof. Since αp0 = β
p
0 = 1 and α(X) · β(X) =
∞∑
i=0
(
i∑
j=0
αp
j
i−jβj
)
Xp
i
, we have the following equality.
α(X) · β(X) = α0β0X +
k+1∑
i=1
(αiβ0 + βi)X
pi+ (αk+2β0 + α
p
k+1β1 + βk+2)X
pk+2+ (higher terms)
Hence if we put α(X) · β(X) =
∞∑
i=0
γiX
pi , γi’s are given by γ0 = α0β0, γi = βi for 1 ≦ i ≦ k,
γk+1 = αk+1β0 + βk+1 and γk+2 = αk+2β0 + α
p
k+1β1 + βk+2.
Put α(X)−1 =
∞∑
i=0
α¯iX
pi . If 1 ≦ i ≦ k and ν ∈ Part(i), then ν(j) ≦ k for any 1 ≦ j ≦ ℓ(ν). Since
αi = 0 for 1 ≦ i ≦ k, we have α¯i = 0 for 1 ≦ i ≦ k by (2.7). If ν ∈ Part(k + 1) satisfies ν(j) ≧ k + 1
for 1 ≦ j ≦ ℓ(ν), then ν = (k + 1), hence (2.7) implies α¯k+1 = −α
−1
0 αk+1. If ν ∈ Part(k + 2) satisfies
ν(j) ≧ k + 1 for 1 ≦ j ≦ ℓ(ν), then ν = (k + 2) or “ν = (1, 1) and k = 0”. It follows from (2.7) that
α¯k+2 =
{
α−10 (α
p+1
1 − α2) k = 0
−α−10 αk+2 k ≧ 1
holds. Similarly, we have β¯1 = −β
−1
0 β1 and β¯2 = β
−1
0 (β
p+1
1 − β2) if
l = 0. Hence, if we put α(X)−1 · β(X)−1 =
∞∑
i=0
γ¯iX
pi , then γ¯i’s are given by γ¯0 = α
−1
0 β
−1
0 , γ¯i = β¯i for
1 ≦ i ≦ k and
γ¯k+1 = α¯k+1β
−1
0 + β¯k+1 = β¯k+1 − α
−1
0 αk+1β
−1
0
γ¯k+2 = α¯k+2β
−1
0 + α¯
p
k+1β¯1 + β¯k+2 =


β−10 (α
−1
0 (α
p+1
1 − α2) + α
p
1β1 + β
p+1
1 − β2) k = l = 0
−α−10 αk+2β
−1
0 + α
p
k+1β
−1
0 β1 + β¯k+2 k ≧ 1, l = 0
−α−10 αk+2β
−1
0 + β¯k+2 k ≧ l ≧ 1
.
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It follows that γ¯0γ0 = α
−1
0 β
−1
0 α0β0 = 1 and
i∑
j=0
γ¯p
j
i−jγj =
i∑
j=0
β¯p
j
i−jβj = 0 if 1 ≦ i ≦ k. We also have
k+1∑
j=0
γ¯p
j
k+1−jγj = γ¯k+1γ0 +
k∑
j=1
γ¯p
j
k+1−jγj + γ¯
pk+1
0 γk+1 = αk+1(β0 − 1)− (1− α0)β0β¯k+1 +
k+1∑
j=0
β¯p
j
k+1−jβj
= αk+1(β0 − 1)− (1− α0)β0β¯k+1
If k = l = 0, we have
2∑
j=0
γ¯p
j
2−jγj = γ¯2γ0 + γ¯
p
1γ1 + γ¯
p2
0 γ2 = (α2 − α
p+1
1 )(β0 − 1) + (1− α0)(β2 − β
p+1
1 ) + α0α
p
1β1 − α1β0β
p
1 .
If k ≧ 1 and l = 0, the following equalities hold.
k+2∑
j=0
γ¯p
j
k+2−jγj = γ¯k+2γ0 + γ¯
p
k+1γ1 +
k∑
j=2
γ¯p
j
k+2−jγj + γ¯
pk+1
1 γk+1 + γ¯
pk+2
0 γk+2
= αk+2(β0 − 1)− (1− α0)β0β¯k+2 + α0α
p
k+1β1 − αk+1β0β
pk+1
1 +
k+2∑
j=0
β¯p
j
k+2−jβj
= αk+2(β0 − 1)− (1− α0)β0β¯k+2 + α0α
p
k+1β1 − αk+1β0β
pk+1
1
If k ≧ l ≧ 1, the following equalities hold.
k+2∑
j=0
γ¯p
j
k+2−jγj = γ¯k+2γ0 + γ¯
p
k+1γ1 +
k∑
j=2
γ¯p
j
k+2−jγj + γ¯
pk+1
1 γk+1 + γ¯
pk+2
0 γk+2
= αk+2(β0 − 1)− (1− α0)β0β¯k+2 +
k+2∑
j=0
β¯p
j
k+2−jβj = αk+2(β0 − 1)− (1− α0)β0β¯k+2
q.e.d.
Proposition 3.2 The following relations hold.
[Gp(A∗), Gp(A∗) ] ⊂ G
(0.5)
p (A∗)
[G(0.5)p (A∗), G
(0.5)
p (A∗) ] ⊂ G
(2)
p (A∗)
[G(k)p (A∗), G
(k)
p (A∗) ] ⊂ G
(k+2)
p (A∗) if k is a positive integer.
[G(k)p (A∗), Gp(A∗) ] ⊂ G
(k+0.5)
p (A∗) if k is a non-negative integer.
[G(k+0.5)p (A∗), Gp(A∗) ] ⊂ G
(k+1.5)
p (A∗) if k is a non-negative integer.
Proof. The first and second relations are direct consequence of (1) of (3.1). The third relation follows
from (3) of (3.1). For α(X) = X +
∞∑
i=k+1
αiX
pi ∈ G
(k)
p (A∗) and β(X) =
∞∑
i=0
βiX
pi ∈ Gp(A∗), since
β0 − 1 ∈ (ǫ), the fourth relation follows from (2) of (3.1). If α(X) ∈ G
(k+0.5)
p (A∗), then αk+1 ∈ (ǫ)
which implies that αk+1(β0 − 1) = 0 and αk+2(β0 − 1) + α
p
k+1β1 − β0αk+1β
pk+1
1 ∈ (ǫ). Hence the fifth
relation also follows from (2) of (3.1). q.e.d.
For a group G and a non-negative integer k, we define subgroupsDk(G) and Γk(G) of G inductively
by D0(G) = Γ0(G) = G and Dk+1(G) = [Dk(G),Dk(G) ], Γk+1(G) = [ Γk(G), G ]. The following result
is a direct consequence of (3.2)
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Corollary 3.3 We have D1(Gp(A∗)) = Γ1(Gp(A∗)) ⊂ G
(0.5)
p (A∗). For a positive integer k, the fol-
lowing relations hold.
Dk+1(Gp(A∗)) ⊂ G
(2k)
p (A∗), Γk+1(Gp(A∗)) ⊂ G
(k+0.5)
p (A∗)
Remark 3.4 If H is a subgroup of Gp(A∗), we have the following relations.
D1(H) = Γ1(H) ⊂ G
(0.5)
p (A∗) ∩H, Dk+1(H) ⊂ G
(2k)
p (A∗) ∩H, Γk+1(H) ⊂ G
(k+0.5)
p (A∗) ∩H
Since G
(k+0.5)
p (A∗) ∩ G
ev
p (A∗) ⊂ G
(k+1)
p (A∗), we have Γk+1(H) ⊂ G
(k+1)
p (A∗) ∩H if H is a subgroup
of Gevp (A∗).
We define another filtration of Gp as follows. For a non-negative integer n and a graded commuta-
tive algebra A∗ over F p, let Gp,n(A∗) be a subset of Gp(A∗) consisting of elements α(X) =
∞∑
i=0
αiX
pi
which satisfy αp
n−i+1
i = 0 for i = 1, 2, . . . , n and αi = 0 for i ≧ n+ 1.
Proposition 3.5 Gp,n(A∗) is a subgroup of Gp(A∗).
Proof. Suppose α(X) =
∞∑
i=0
αiX
pi , β(X) =
∞∑
i=0
βiX
pi ∈ Gp,n(A∗). Put α(X) · β(X) =
∞∑
i=0
γiX
pi ,
then we have γi =
i∑
j=0
αp
j
i−jβj . Since α
pn−k+1
k = β
pn−k+1
k = 0 for k = 1, 2, . . . , n, it follows γ
pn−i+1
i =
i∑
j=0
αp
n−(i−j)+1
i−j β
pn−i+1
j = 0 if 1 ≦ i ≦ n. Assume that i ≧ n + 1. Since α
pj
i−j = α
pn−(i−j)+1+(i−n−1)
i−j = 0
for i− n ≦ j ≦ n, we have γi =
n∑
j=i−n
αp
j
i−jβj = 0. Thus α(X) · β(X) ∈ Gp,n(A∗).
We put α(X)−1 = α−10 X +
∞∑
i=1
δiX
pi . Then, δi = α
−1
0
( ∑
ν∈Part(i)
(−1)ℓ(ν)
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j)
)
by (2.7).
Suppose that
ℓ(ν)∏
j=1
αp
σ(ν)(j)+n−i+1
ν(j) 6= 0 for some 1 ≦ i ≦ n and ν ∈ Part(i). Then, σ(ν)(j) + n− i+ 1 ≦
n − ν(j) for 1 ≦ j ≦ ℓ(ν), which implies a contradiction n + 1 ≦ n if j = ℓ(ν). Hence we have
δn−i+1i = 0 for 1 ≦ i ≦ n. Suppose that
ℓ(ν)∏
j=1
αp
σ(ν)(j)
ν(j) 6= 0 for some i ≧ n + 1 and ν ∈ Part(i). Then,
ν(j) ≦ n and σ(ν)(j) ≦ n − ν(j) for 1 ≦ j ≦ ℓ(ν). The latter inequality implies i ≦ n if j = ℓ(ν),
which contradicts the assumption. Hence we have δi = 0 for i ≧ n+ 1 and α(X)
−1 ∈ Gp,n(A∗). q.e.d.
Thus we have the following increasing filtration of subgroups of Gp(A∗).
Gp,0(A∗) ⊂ Gp,1(A∗) ⊂ Gp,2(A∗) ⊂ · · · ⊂ Gp,n(A∗) ⊂ Gp,n+1(A∗) ⊂ · · · ⊂ Gp(A∗)
If p is an odd prime, we define Gevp,n(A∗) by G
ev
p,n(A∗) = Gp,n(A∗) ∩ G
ev
p (A∗), we have the following
increasing filtration of subgroups of Gevp (A∗).
Gevp,0(A∗) ⊂ G
ev
p,1(A∗) ⊂ G
ev
p,2(A∗) ⊂ · · · ⊂ G
ev
p,n(A∗) ⊂ G
ev
p,n+1(A∗) ⊂ · · · ⊂ G
ev
p (A∗)
We note that G2,0(A∗) and G
ev
p,0(A∗) are the trivial groups and that Gp,0(A∗) is isomorphic to the
additive group A1. Since G
(n)
p (A∗) ∩Gp,n(A∗) is the trivial group, (3.4) implies the following fact.
Theorem 3.6 We have the following lower central series.
Gp,n(A∗) ⊃ Γ1(Gp,n(A∗)) ⊃ · · · ⊃ Γi(Gp,n(A∗)) ⊃ Γi+1(Gp,n(A∗)) ⊃ · · · ⊃ Γn+1(Gp,n(A∗)) = {X}
Gevp,n(A∗) ⊃ Γ1(G
ev
p,n(A∗)) ⊃ · · · ⊃ Γi(G
ev
p,n(A∗)) ⊃ Γ
ev
i+1(Gp,n(A∗)) ⊃ · · · ⊃ Γn(G
ev
p,n(A∗)) = {X}
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Let I2,n be an ideal of A2∗ generated by ζ
2n
1 , ζ
2n−1
2 , . . . , ζ
2
n and ζi for i ≧ n+ 1. For an odd prime
p, let Ip,n be an ideal of Ap∗ generated by ξ
pn
1 , ξ
pn−1
2 , . . . , ξ
p
n and τi, ξi for i ≧ n + 1 and I
ev
p,n an ideal
of Aevp∗ generated by ξ
pn
1 , ξ
pn−1
2 , . . . , ξ
p
n and ξi for i ≧ n+ 1. We put
A2(n)∗ = A2∗/I2,n = F 2[ζ1, ζ2, . . . , ζn]/(ζ
2n
1 , ζ
2n−1
2 , . . . , ζ
2
n)
Ap(n)∗ = Ap∗/Ip,n = E(τ0, τ1, . . . , τn)⊗F pF p[ξ1, ξ2, . . . , ξn]/(ξ
pn
1 , ξ
pn−1
2 , . . . , ξ
p
n)
Aevp (n)∗ = A
ev
p∗/I
ev
p,n = F p[ξ1, ξ2, . . . , ξn]/(ξ
pn
1 , ξ
pn−1
2 , . . . , ξ
p
n).
We have the following fact from (2.3).
Proposition 3.7 Gp,n is represented by Ap(n)∗ and G
ev
p,n is represented by A
ev
p (n)∗.
4 A maximal abelian subgroup of the Steenrod group
We define F p-group functors G
〈k〉
k for k = 1, 2, . . . as follows.
Let A∗ be a graded commutative F p-algebra. If p = 2, we assign degree −2
k to a variable X and
define G
〈k〉
2 (A∗) by
G
〈k〉
2 (A∗) =
{
∞∑
i=0
αiX
2i ∈ A∗[[X]]
∣∣∣∣∣ degαi = 2i+k − 2k (i ≧ 0), α0 = 1
}
.
If p is an odd prime, we assign degree −2pk to a variable X, degree −1 to ǫ and define G
〈k〉
p (A∗) by
G〈1〉p (A∗) =
{
∞∑
i=0
αiX
pi ∈ A∗[ǫ]/(ǫ
2)[[X]]
∣∣∣∣∣ degαi= 2(pi+1 − p) (i ≧ 0), α0 − 1 ∈ (ǫ), αi ∈ A∗ (i ≧ 1)
}
,
G〈k〉p (A∗) =
{
∞∑
i=0
αiX
pi ∈ A∗[[X]]
∣∣∣∣∣ degαi= 2(pi+k − pk) (i ≧ 0), α0 = 1
}
if k ≧ 2.
We give G
〈k〉
p (A∗) a group structure by the composition of formal power series if p = 2 or k ≧ 2. If
p is an odd prime, we define a group structure of G
〈1〉
p (A∗) as follows. Define a subset G¯
〈k〉
p (A∗) of
A∗[ǫ]/(ǫ
2)[[X]] by
G¯〈1〉p (A∗) =
{
∞∑
i=0
αiX
pi ∈ A∗[ǫ]/(ǫ
2)[[X]]
∣∣∣∣∣ degαi = 2(pi+1 − p) (i ≧ 0), α0 − 1 ∈ (ǫ)
}
.
We regard A∗ as a quotient of A∗[ǫ]/(ǫ
2) with quotient map qA∗ : A∗[ǫ]/(ǫ
2) → A∗[ǫ]/(ǫ) = A∗ and
define a map qˆA∗ : G¯
〈1〉
p (A∗) → G
〈1〉
p (A∗) by qˆA∗(α(X)) = α0X +
∞∑
i=1
qA∗(αi)X
pi if α(X) =
∞∑
i=0
αiX
pi .
For α(X), β(X) ∈ G
〈1〉
p (A∗), the product α(X) · β(X) is defined to be qˆA∗(β(α(X))).
Define subalgebras Ap〈k〉∗ of Ap∗ by
Ap〈k〉∗ =


F 2
[
ζ2
k
1 , ζ
2k
2 , . . . , ζ
2k
n , . . .
]
if p = 2
E(τ0)⊗F pF p
[
ξp1 , ξ
p
2 , . . . , ξ
p
n, . . .
]
if p is an odd prime and k = 1
F p
[
ξp
k
1 , ξ
pk
2 , . . . , ξ
pk
n , . . .
]
if p is an odd prime and k ≧ 2
.
Then Ap〈k〉∗ is a Hopf subalgebra of Ap∗. We put Ap〈0〉∗ = Ap∗ and G
〈0〉
p = Gp for convenience.
For a graded commutative algebra R∗, we denote by hR∗ the functor represented by R∗ below.
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Proposition 4.1 Ap〈k〉∗ represents G
〈k〉
p .
Proof. Let A∗ be a graded commutative algebra over F p with product mA∗ : A∗ ⊗F p A∗ → A∗. For
ϕ ∈ hAp〈k〉∗(A∗), we define an element αϕ(X) of G
〈k〉
p (A∗) as follows.
αϕ(X) =


X +
∞∑
i=1
ϕ
(
ζ2
k
i
)
X2
i
if p = 2
(1 + ϕ(τ0)ǫ)X +
∞∑
i=1
ϕ(ξpi )X
pi if p is an odd prime and k = 1
X +
∞∑
i=1
ϕ
(
ξp
k
i
)
Xp
i
if p is an odd prime and k ≧ 2
Then, a correspondence ϕ 7→ αϕ(X) gives a natural equivalence θk : hAp〈k〉∗ → G
〈k〉
p .
For ϕ,ψ ∈ hAp〈k〉∗(A∗), since the product ψϕ of ϕ is a composition
Ap〈k〉∗
µ
−→ Ap〈k〉∗ ⊗F p Ap〈k〉∗
ψ⊗ϕ
−−−→ A∗ ⊗F p A∗
mA∗−−−→ A∗,
it can be verified from (1) of (2.2) and formulas of the coproduct of Ap∗ given in ([2], See Intorduction
above) that αψ(X) · αϕ(X) = αψϕ(X). Hence θk : hAp〈k〉∗ → G
〈k〉
p preserves group structures. q.e.d.
We denote by ι0 : Ap〈1〉∗ → Ap∗ and ιk : Ap〈k + 1〉∗ → Ap〈k〉∗ (k ≧ 1) the inclusion maps.
Proposition 4.2 ι0 : Ap〈1〉∗ → Ap∗ and ιk : Ap〈k + 1〉∗ → Ap〈k〉∗ are faithfully flat for k ≧ 1.
Proof. Let V 〈k〉2,n be a 2-dimensional subspace of A2〈k〉∗ spanned by 1, ζ
2k
n and V 〈k〉p,n a p-
dimensional subspace of Ap〈k〉∗ spanned by 1, ξ
pk
n , ξ
2pk
n , . . . , ξ
(p−1)pk
n if p is an odd prime. Then,
Ap〈k〉∗ is isomorphic to
(⊗
n≧1
V 〈k〉p,n
)
⊗F p Ap〈k + 1〉∗ for k ≧ 2 as an Ap〈k + 1〉∗-module, Ap〈1〉∗
is isomorphic to E(τ0) ⊗F p
(⊗
n≧1
V 〈1〉p,n
)
⊗F p Ap〈2〉∗ as an Ap〈2〉∗-module and Ap∗ is isomorphic to
E(τ1, τ2, . . . , τn, . . . ) ⊗F p
(⊗
n≧1
V 〈0〉p,n
)
⊗F p Ap〈1〉∗ as an Ap〈1〉∗-module for an odd prime p. Hence
Ap〈k〉∗ is a free Ap〈k + 1〉∗-module and Ap∗ is a free Ap〈1〉∗-module. It follows that the inclusion
maps ι0 and ιk are flat. Since A2∗ is integral over A2〈1〉∗ and Ap〈k〉∗ is integral over Ap〈k + 1〉∗ if
k ≧ 2, Spec(ι0) : SpecA2∗ → SpecA2〈1〉∗ and Spec(ιk) : SpecAp〈k〉∗ → SpecAp〈k + 1〉∗ are surjective
for k ≧ 2. Since τn’s are nilpotent, the inclusion maps E(τ0) ⊗F p F p[ξ1, ξ2, . . . , ξn, . . . ] → Ap∗ and
F p[ξ
p
1 , ξ
p
2 , . . . , ξ
p
n, . . . ] → Ap〈1〉∗ induces bijections SpecAp∗ → Spec(E(τ0) ⊗F pF p[ξ1, ξ2, . . . , ξn, . . . ])
and SpecAp〈1〉∗ → SpecF p[ξ
p
1 , ξ
p
2 , . . . , ξ
p
n, . . . ], respectively. Since E(τ0) ⊗F p F p[ξ1, ξ2, . . . , ξn, . . . ] is
integral over Ap〈1〉∗ and F p[ξ
p
1 , ξ
p
2 , . . . , ξ
p
n, . . . ] is integral over Ap〈2〉∗, the following maps induced by
the inclusion maps are surjective.
Spec(E(τ0)⊗F pF p[ξ1, ξ2, . . . , ξn, . . . ])→ SpecAp〈1〉∗, SpecF p[ξ
p
1 , ξ
p
2 , . . . , ξ
p
n, . . . ]→ SpecAp〈2〉∗
Therefore Spec(ι0) : SpecAp∗ → SpecAp〈1〉∗ and Spec(ι1) : SpecAp〈1〉∗ → SpecAp〈2〉∗ are surjective.
It follows from Theorem 3 of [1] that ιk’s are faithfully flat. q.e.d.
We define morphisms ρ0 : Gp → G
〈1〉
p and ρk : G
〈k〉
p → G
〈k+1〉
p of affine group schemes by
ρ0A∗(α(X)) = α0X +
∞∑
i=1
αpiX
pi and ρkA∗(α(X)) = X +
∞∑
i=1
αpiX
pi , respectively if α(X) =
∞∑
i=0
αiX
pi .
We consider the natural equivalence θk : hAp〈k〉∗ → G
〈k〉
p given in the proof of (4.1) and the natural
equivalence θ : hAp∗ → Gp given in Proposition 5.1 of [3].
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Proposition 4.3 Let us denote by ι∗0 : hAp∗ → hAp〈1〉∗ and ι
∗
k : hAp〈k〉∗ → hAp〈k+1〉∗ the natural
transformations induced by ι0 and ιk, respectively. The following diagrams are commutative.hAp∗ hAp〈1〉∗
Gp G
〈1〉
pι
∗
0θ1ρ0
hAp〈k〉∗ hAp〈k+1〉∗
G
〈k〉
p G
〈k+1〉
pι
∗
kθk+1ρ
Proof. For a graded commutative algebra A∗ and ϕ ∈ hAp〈k〉∗(A∗), we have an equality
ρkA∗(αϕ(X)) =


X +
∞∑
i=1
ϕ
(
ζ2
k+1
i
)
X2
i
if p = 2
X +
∞∑
i=1
ϕ
(
ξp
k+1
i
)
Xp
i
if p is an odd prime
which shows ρkA∗(θkA∗(ϕ)) = ρkA∗(αϕ(X)) = αϕιk(X) = θk+1A∗(ϕιk).
Similarly, since θA∗ : hAp∗(A∗)→ Gp(A∗) is given by
θA∗(ϕ) =


X +
∞∑
i=1
ϕ(ζi)X
2i if p = 2
(1 + ϕ(τ0)ǫ)X +
∞∑
i=1
(ϕ(ξi) + ϕ(τi)ǫ)X
pi if p is an odd prime
,
we have the following equality.
ρ0A∗(θA∗(ϕ)) =


X +
∞∑
i=1
ϕ(ζ2i )X
2i if p = 2
(1 + ϕ(τ0)ǫ)X +
∞∑
i=1
ϕ(ξpi )X
pi if p is an odd prime
Hence ρ0A∗(θA∗(ϕ)) = θ1A∗(ϕι0) holds for ϕ ∈ hAp∗(A∗). q.e.d.
Let us denote by Gabp the kernel of ρ0 : Gp → G
〈1〉
p and by G
[k]
p the kernel of ρk : G
〈k〉
p → G
〈k+1〉
p .
The following fact is a direct consequence of the definitions of ρ0 and ρk.
Proposition 4.4 Let A∗ be a graded commutative F p-algebra.
(1) Gabp (A∗) is identified with a subgroup of Gp(A∗) given by{
α(X) ∈ Gp(A∗)
∣∣∣∣α(X) = X +
∞∑
i=1
αiX
pi , αpi = 0 for i ≧ 1
}
.
(2) G
[1]
p (A∗) is identified with a subgroup of G
〈1〉
p (A∗) given by{
α(X) ∈ G〈1〉p (A∗)
∣∣∣∣α(X) = α0X +
∞∑
i=1
αiX
pi , αpi = 0 for i ≧ 1
}
.
(3) G
[k]
p (A∗) (k ≧ 2) is identified with a subgroup of G
〈k〉
p (A∗) given by{
α(X) ∈ G〈k〉p (A∗)
∣∣∣∣α(X) = X +
∞∑
i=1
αiX
pi , αpi = 0 for i ≧ 1
}
.
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Let I
〈k〉
p be an ideal of Ap〈k〉∗ (Ap∗ if k = 0) given by
I〈k〉p =


(
ζ2
k+1
1 , ζ
2k+1
2 , · · · , ζ
2k+1
n , · · ·
)
if p = 2(
τ0, ξ
p
1 , ξ
p
2 , · · · , ξ
p
n, · · ·
)
if p is an odd prime and k = 0(
ξp
k+1
1 , ξ
pk+1
2 , · · · , ξ
pk+1
n , · · ·
)
if p is an odd prime and k ≧ 1
.
Proposition 4.5 Gabp is an abelian group scheme represented by Ap∗/I
〈0〉
p . Similarly, G
[k]
p is an abelian
group scheme represented by Ap〈k〉∗/I
〈k〉
p .
Proof. It follows from (4.3) that Gabp is represented by Ap∗/I
〈0〉
p and that G
[k]
p is represented by
Ap〈k〉∗/I
〈k〉
p . The formulas of the coproduct of Ap∗ and the following equalities imply that Ap∗/I
〈0〉
p
and Ap〈k〉∗/I
〈k〉
p are primitively generared. Hence Gabp and G
[k]
p are abelian group schemes. q.e.d.
Remark 4.6 We denote by E(n)∗ a monogenic Hopf graded algebra over F p generated by τn with
τ2n = 0 and deg τn = 2p
n − 1. We also denote by F (n, k)∗ a monogenic Hopf graded algebra over
F p generated by ξn,k with ξ
p
n,k = 0 and deg ξn,k = 2p
k(pn − 1). Then, Ap∗/I
〈0〉
p is isomorphic to(⊗
n≧1
E(n)∗
)
⊗F p
(⊗
n≧1
F (n, 0)∗
)
, Ap〈1〉∗/I
〈1〉
p is isomorphic to E(0)∗ ⊗F p
(⊗
n≧1
F (n, 1)∗
)
if p is an
odd prime and Ap〈k〉∗/I
〈k〉
p is isomorphic to
⊗
n≧1
F (n, k)∗ if p = 2 or k ≧ 2.
For a graded vector spaceM∗ over F p, we denote by TM∗ :M∗⊗F pM∗ →M∗⊗F pM∗ the switching
map given by TM∗(x⊗ y) = (−1)
deg xdeg yy ⊗ x.
Proposition 4.7 If I is a Hopf ideal of Ap∗ contained in I
〈0〉
p and Ap∗/I is a cocomutative Hopf
algebra, then I = I
〈0〉
p holds. Similarly, if I is a Hopf ideal of Ap〈k〉∗ contained in I
〈k〉
p and Ap〈k〉∗/I
is a cocomutative Hopf algebra, then I = I
〈k〉
p holds.
Proof. Let us denote by πI : Ap∗ → Ap∗/I the quotient map and by µI : Ap∗/I → Ap∗/I ⊗F p Ap∗/I
the coproduct of Ap∗/I induced by the coproduct µ of Ap∗. Since µI = TAp∗/IµI by the assumption,
the image of µ − TAp∗µ : Ap∗ → Ap∗ ⊗F p Ap∗ is contained in the kernel of πI ⊗F p πI which is
Ap∗ ⊗F p I + I ⊗F p Ap∗. Ap∗ Ap∗ ⊗F p Ap∗
Ap∗/I Ap∗/I ⊗F p Ap∗/Iµ−TAp∗µπI⊗F πI−T ∗/IµI =0
Consider the case that p is an odd prime and assume τ0 6∈ I. Then, since I ⊂ I
〈0〉
p , I does not contain
any element whose degree is less than 2p(p − 1). It follows that πI is injective in degree less than
2p(p− 1), hence so is πI ⊗F p πI . However, a non-zero element ξ1⊗ τ0− τ0⊗ ξ1 = µ(τ1)− TAp∗µ(τ1) of
Ap∗⊗F p Ap∗ has degree 2p− 1 but it is contained in the kernel of πI ⊗F p πI , which is a contradiction.
Therefore I containes τ0. Assume inductively that ξ
p
1 , ξ
p
2 , . . . , ξ
p
i−1 ∈ I for i ≧ 1. The following relations
imply ξpi ⊗ ξ1 − ξ1 ⊗ ξ
p
i ∈ I ⊗F p Ap∗ +Ap∗ ⊗F p I.
i∑
j=1
(
ξp
j
i+1−j ⊗ ξj − ξj ⊗ ξ
pj
i+1−j
)
= µ(ξi+1)− TAp∗µI(ξi+1) ∈ I ⊗F p Ap∗ +Ap∗ ⊗F p I
i∑
j=2
(
ξp
j
i+1−j ⊗ ξj − ξj ⊗ ξ
pj
i+1−j
)
∈ I ⊗F p Ap∗ +Ap∗ ⊗F p I
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Since I ⊂ I
〈0〉
p , I does not have any element of degree 2p− 2. Thus we have ξ
p
i ∈ I. Similarly, we can
show that ζ2i ∈ I by the induction on i if p = 2.
Let us denote by πkI : Ap〈k〉∗ → Ap〈k〉∗/I and µ
k
I : Ap〈k〉∗/I → Ap〈k〉∗/I ⊗F p Ap〈k〉∗/I the
quotient map and the coproduct of Ap〈k〉∗/I induced by the coproduct µ of Ap〈k〉∗, respectively.
Since µkI = TAp〈k〉∗/Iµ
k
I by the assumption, the image of µ − TAp〈k〉∗µ : Ap〈k〉∗ → Ap〈k〉∗ ⊗F p Ap〈k〉∗
is contained in the kernel of πI ⊗F p πI which is Ap〈k〉∗ ⊗F p I + I ⊗F p Ap〈k〉∗.Ap〈k〉∗ Ap〈k〉∗ ⊗F p Ap〈k〉∗
Ap〈k〉∗/I Ap〈k〉∗/I ⊗F p Ap〈k〉∗/Iµ−TAp〈k〉∗µπI⊗F πI−TAp〈k〉∗/IµI =0
Consider the case that p is an odd prime. Assume inductively that ξp
k+1
1 , ξ
pk+1
2 , . . . , ξ
pk+1
i−1 ∈ I for i ≧ 1.
The following relations imply ξp
k+1
i ⊗ ξ
pk
1 − ξ
pk
1 ⊗ ξ
pk+1
i ∈ I ⊗F p Ap〈k〉∗ +Ap〈k〉∗ ⊗F p I.
i∑
j=1
(
ξp
j+k
i+1−j ⊗ ξ
pk
j − ξ
pk
j ⊗ ξ
pj+k
i+1−j
)
= µ
(
ξp
k
i+1
)
− TAp〈j〉∗/IµI
(
ξp
k
i+1
)
∈ I ⊗F p Ap〈j〉∗ +Ap〈j〉∗ ⊗F p I
i∑
j=2
(
ξp
j+k
i+1−j ⊗ ξ
pk
j − ξ
pk
j ⊗ ξ
pj+k
i+1−j
)
∈ I ⊗F p Ap〈j〉∗ +Ap〈j〉∗ ⊗F p I
Since I ⊂ I
〈k〉
p , I does not have any element of degree less than 2pk+1(p− 1). Thus we have ξ
pk+1
i ∈ I.
Similarly, we can show that ζ2
k+1
i ∈ I by the induction on i if p = 2. q.e.d.
The above result shows that I
〈0〉
p is a minimal Hopf ideal of Ap∗ such that the quotient Hopf algebra
Ap∗/I
〈0〉
p is cocomutative, hence it follows from (2.3) that Gabp is a maximal abelian subgroup of Gp.
Similarly, I
〈k〉
p is a minimal Hopf ideal of Ap〈k〉∗ such that the quotient Hopf algebra Ap〈k〉∗/I
〈0〉
p is
cocomutative, thus G
[k]
p is a maximal abelian subgroup of G
〈k〉
p by (4.1).
Summarizing the results in this section so far, we have the following.
Theorem 4.8 (1) There is a short exact sequence 1 → Gabp
κ0−→ Gp
ρ0
−→ G
〈1〉
p → 1 of affine group
schemes over F p such that G
ab
p is a maximal abelian subgroup scheme of Gp and ρ0 is faithfully flat.
(2) There is a short exact sequence 1→ G
[k]
p
κk−→ G
〈k〉
p
ρk−→ G
〈k+1〉
p → 1 of affine group schemes over
F p such that G
[k]
p is a maximal abelian subgroup scheme of G
〈k〉
p and ρk is faithfully flat.G
ab
p G
[1]
p G
[2]
p · · · G
[k]
p G
[k+1]
p
Gp G
〈1〉
p G
〈2〉
p · · · G
〈k〉
p G
〈k+1〉
p · · ·κ012k+1ρ −
We denote by J
〈k〉
p the ideal of Ap∗ that is the extension of I
〈k〉
p by the inclusion map Ap〈k〉∗ → Ap∗.
Then, we have a decreasing sequence I
〈0〉
p = J
〈0〉
p ⊃ J
〈1〉
p ⊃ · · · ⊃ J
〈k〉
p ⊃ J
〈k+1〉
p ⊃ · · · of Hopf ideals
of Ap∗. Hence if we denote by G˜
〈k〉
p the closed subgroup scheme of Gp defined by J
〈k〉
p , we have an
increasing sequence Gabp = G˜
〈0〉
p ⊂ G˜
〈1〉
p ⊂ · · · ⊂ G˜
〈k〉
p ⊂ G˜
〈k+1〉
p ⊂ · · · ⊂ Gp of subgroup schemes of Gp.
In fact, G˜
〈k〉
p is the inverse image of G
[k]
p by a composition Gp
ρ0
−→ G
〈1〉
p
ρ1
−→ G
〈2〉
p
ρ2
−→ · · ·
ρk−1
−−−→ G
〈k〉
p , which
implies that G˜
〈k〉
p is a normal subgroup scheme of Gp. Moreover, the map Ap〈k〉∗/I
〈k〉
p → Ap∗/J
〈k〉
p
induced by the inclusion map Ap〈k〉∗ → Ap∗ is faithfully flat whose images of elements of positive
degree generate an ideal J
〈k−1〉
p /J
〈k〉
p of Ap∗/J
〈k〉
p . Thus we see the following fact.
13
Proposition 4.9 There is an increasing sequence
Gabp = G˜
〈0〉
p ⊂ G˜
〈1〉
p ⊂ · · · ⊂ G˜
〈k〉
p ⊂ G˜
〈k+1〉
p ⊂ · · · ⊂ Gp
of normal subgroup schemes of Gp such that G˜
〈k〉
p /G˜
〈k−1〉
p is isomorphic to G
[k]
p .
Finally, we investigate the dual of the successive quotients Ap∗
· · · Ap∗/J
〈k+1〉
p Ap∗/J
〈k〉
p · · · Ap∗/J
〈1〉
p Ap∗/J
〈0〉
p
of the dual Steenrod algebra. To do this, we recall the Milnor basis given in [2] briefly.
Let Seq be the set of all infinite sequences (r1, r2, . . . , ri, . . . ) of non-negative integers such that ri =
0 for all but finite number of i’s. Seq is regarded as an abelian monoid with unit 0 = (0, 0, . . . ) by com-
ponentwise addition. We denote by Seqb a subset of Seq consisting of all sequences (e0, e1, . . . , ei, . . . )
such that ei = 0, 1 for all i = 0, 1, . . . . Define an order ≦ in Seq by “R ≦ S if and only if
R = (r1, r2, . . . , ri, . . . ), S = (s1, s2, . . . , si, . . . ) ∈ Seq and ri ≦ si for all i = 1, 2, . . . ”. If ri = 0
for i > n, we denote (r1, r2, . . . , ri, . . . ) by (r1, r2, . . . , rn). For a positive integer n, let us denote by
En an element of Seq
b such that the n-th entry is 1 and other entries are all zero.
For E = (e0, e1, . . . , em) ∈ Seq
b and R = (r1, r2, . . . , rn) ∈ Seq, we put τ(E) = τ
e0
0 τ
e1
1 · · · τ
em
m ,
ξ(R) = ξr11 ξ
r2
2 · · · ξ
rn
n , ζ(R) = ζ
r1
1 ζ
r2
2 · · · ζ
rn
i . We consider the monomial basis B2 = {ζ(R) |R ∈ Seq} of
A2∗ and Bp = {τ(E)ξ(R) |E ∈ Seq
b, R ∈ Seq} of Ap∗ if p is an odd prime. The following assertion is
clear from the definition of J
〈k〉
p .
Lemma 4.10
{
ζ(R)
∣∣R ≧ 2k+1En for some n ≧ 1} is a basis of J 〈k〉2 . If p is an odd prime, then
{τ(E)ξ(R) |E ∈ Seqb and “E ≧ E1 or R ≧ pEn for some n ≧ 1”
}
is a basis of J
〈0〉
p and, for k ≧ 1,
{τ(E)ξ(R) |E ∈ Seqb and R ≧ pk+1En for some n ≧ 1
}
is a basis of J
〈k〉
p .
Let Sq(R) be the dual of ζ(R) with respect to B2 if p = 2. If p is an odd prime, let us denote by
℘(R) and Qi the duals of ξ(R) and τi with respect to Bp, respectively. We put Q(E) = Q
e0
0 Q
e1
1 · · ·Q
em
m
if E = (e0, e1, . . . , em) ∈ Seq
b. Let us denote by 〈θ, x〉 the Kronecker pairing of θ ∈ A∗p and x ∈ Ap∗.
Since the dual of Ap∗/J
〈k〉
p is canonically isomorphic to a subspace {θ ∈ A∗p | 〈θ, x〉 = 0 for all x ∈ J
〈k〉
p }
of A∗p, it follows from (4.7), (4.10) and Theorem 4a of [2] that we have the following result.
Proposition 4.11 Let A2〈k〉
∗ be a subspace of A∗2 spanned by the following set.{
Sq(r1, r2, . . . , ri, . . . )
∣∣ rn < 2k+1 for all n ≧ 1}
If p is an odd prime, let Ap〈k〉
∗ be a subspace of A∗p spanned by the following set.{
Q(e0, e1, . . . , ei, . . . )℘(r1, r2, . . . , ri, . . . )
∣∣ e0 = 0 and rn < p for all n ≧ 1} if k = 0{
Q(e0, e1, . . . , ei, . . . )℘(r1, r2, . . . , ri, . . . )
∣∣ rn < pk+1 for all n ≧ 1} if k ≧ 1
Here we assume that (e0, e1, . . . , ei, . . . ) ∈ Seq
b. Then, Ap〈k〉
∗ is a Hopf subalgebra of A∗p which is the
dual of Ap∗/J
〈k〉
p . Thus we have an increasing filtration
Ap〈0〉
∗ ⊂ Ap〈1〉
∗ ⊂ · · · ⊂ Ap〈k〉
∗ ⊂ Ap〈k + 1〉
∗ ⊂ · · · ⊂ A∗p
of Hopf subalgebras of A∗p such that Ap〈0〉
∗ is a maximal commutative Hopf subalgebra of A∗p.
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